The performance of density functional theory (DFT) has been widely examined with regard to its ability to predict the properties of minerals, though less attention has been given to the correct determination of the relative stability of structurally similar polymorphs. Here a detailed examination is performed of the numerical and theoretical factors that may influence the structure and relative energetics of two such polymorphs of iron disulfide, namely pyrite and marcasite, within density functional theory. Both the local density approximation and commonly used generalized gradient approximation exchange-correlation functionals, such as PBE, are found to predict that marcasite is more stable than pyrite, at variance with experiment. Allowing for the zero point energy of vibration fails to remedy this discrepancy. While inclusion of a 2 sufficiently large Hubbard U parameter for iron is found to reverse the stability, this comes at the expense of a very poor description of other properties. Examination of three generalized gradient approximations developed specifically for the solid-state, namely AM05, Wu-Cohen and PBEsol, demonstrates that all of these functionals offer a superior description of the structures and relative energies of pyrite and marcasite through correctly predicting that the former is the ground state phase at ambient conditions.
general assumption that the formation and persistence of marcasite is not due to its thermodynamic stability but to kinetic factors. [5] [6] [7] It is proposed by Tossell et al . that the effect of the H + ion is to withdraw two electrons from the Fe atom and thereby impart a distorted geometry to the three Fe atoms coordinated to each S atom of the disulfide group, 8 thus promoting the formation of the orthorhombic marcasite structure.
Pyrite forms in a range of terrestrial environments including those associated with massive sulfide ore bodies. It can contain a range of impurities, including the so-called "invisible" gold that makes it economically important. 9, 10 In addition, pyrite is a semiconductor that can be n-or p-type depending on the impurity species present. Pyrite is a material of considerable technological interest because of its application in photovoltaic devices. 11, 12 Phase purity is important in photovoltaic devices, since the unusually low open circuit voltage that has be observed for nanoparticulate pyrite has been attributed to the inclusion of the marcasite structure. 13 Given the desire to ultimately probe the structural and phase variations of nanoparticles of iron disulfide, it is valuable to be able to perform accurate computer simulations as a complement to experimental information. However, the thermodynamic and structural similarities of the two polymorphs of iron disulfide render this system to be a challenging one.
Although there have been several previous theoretical examinations of pyrite and/or marcasite, 14 most studies avoid a discussion of the relative phase stability, indicating that this may be a problematic quantity. In this study we will critically examine the ability of density functional theory based calculations to describe the structure, properties, and especially the relative phase stabilities of pyrite and marcasite in order to provide guidance for reliable studies of such materials.
II. METHODOLOGY
In the present study, we report a first-principles investigation of the two polymorphs of iron disulfide, pyrite and marcasite, based on Kohn-Sham density functional theory (DFT). DFT has become the de facto standard for electronic structure theory in the solid-state, and has been widely utilized throughout physics, chemistry and biology. 15 It has also been employed very successfully in the past to accurately describe the bulk, surface and electronic properties of numerous minerals. [16] [17] [18] Pyrite itself has received much attention from computational methods, including DFT [19] [20] [21] and interatomic potential based studies. 22 In contrast, theoretical studies involving the marcasite phase are very limited, with one study comparing the thermodynamics of arsenic incorporation into pyrite and marcasite. 23 The majority of DFT studies to date have only focused on one polymorph of this mineral, thereby avoiding the difficult issue of the relative phase stability of two very similar structures.
Recently, there has been a great deal of research into developing new exchangecorrelation functionals specifically designed for solid-state systems. To date, most studies in the field of minerals have utilized either the local density approximation to the exchange-correlation (XC) functional, or more recently gradient-corrected forms, such as the generalized gradient approximation (GGA) 24 . Although hybrid functionals are extensively used for molecular systems, the greater computational cost and, until recently, the more limited availability of Hartree-Fock exchange for periodic systems, has led to fewer studies of solids based on this methodology. 25, 26 As a result, the most commonly used XC functional type remains the generalized gradient approximation (GGA), such as the PBE functional. 27, 28 It is widely recognized that the majority of GGAs suffer from systematic errors for solids;
for example the lattice parameters are often overestimated by approximately 1%. 27 This has led to a number of investigations into developing new XC functionals that are specifically designed for solids while staying within the GGA framework for reasons of computational expediency.
Armiento and Mattsson presented an improved XC functional (AM05), which was derived from the energies of an Airy gas and the surface of jellium. 24 This functional has been demonstrated to yield lattice parameters and bulk moduli that are superior to PBE and competitive with hybrid functionals. 29 Wu and Cohen explored the exchange part of the functional 30, 31 and modified the PBE form to improve the properties in the slowly varying density limit. This functional has also been shown to be more accurate than PBE for the lattice constants of solids. 32 Most recently, Perdew et al. developed the PBEsol functional that retains the same functional form as the PBE functional. However, two parameters were modified in order to satisfy the gradient expansion for exchange that is more relevant for solids. 27, 28 In this study we explore a range of DFT-based methods, including the PBE, PBEsol, AM05 and Wu-Cohen XC functionals, in order to examine their description of the relative stabilities of pyrite and marcasite. The DFT computations were conducted using several different approaches in order to examine the influence of numerical approximations, such as pseudopotential construction and basis set. Given the similarity of the two phases, it is essential to ensure that numerical factors are not influencing the quality of the results. Reference calculations were performed first using the FP-LAPW methodology, within the program Elk, 33 in order to validate the construction of the pseudopotentials for more extensive calculations based on this approximation in combination with a plane-wave basis set. Here the programs CASTEP 34 and PWSCF 35 were utilized. Finally, in order to examine the prospects for being able to perform reliable large-scale calculations within linear-scaling density functional theory, the SIESTA 36 methodology and program was employed to perform calculations within the linear-combination of atomic orbitals approximation. The following four sub-sections give an overview of the methodology and the relevant convergence tests that were performed for each numerical implementation of DFT.
A. FP-LAPW calculations
All-electron full-potential linearized augmented-plane wave (FP-LAPW) calculations have been performed using the Elk code. 33 The FP-LAPW method is among the most precise DFT-based methods for performing electronic structure calculations for crystal structures. 37 The FP-LAPW method divides space into an interstitial region and non-overlapping muffin-tin (MT) spheres centered at the atomic sites. In the interstitial region, the basis set is described by planewaves, whereas in the MT spheres, the basis set is described by radial solutions of the one Brillouin-zone integrations have been performed using Monkhorst-Pack grids of 8x8x8 and 8x6x4 for pyrite and marcasite, respectively.
The convergence tolerance for the forces of ions during structural optimization was set to 5 x 10 -5 and convergence of total energy was achieved when an absolute change was lower than 1 x 10 -4 Hartree. Presently analytic stresses are not available within Elk and so the unit cell parameters were optimized by sequential line searches, where the internal coordinates were fully relaxed for each cell configuration. For marcasite, where there are three independent cell parameters, the values were iteratively refined until all values were converged to three decimal places.
B. Pseudopotential-plane-wave calculations
Two different pseudopotential plane-wave implementations have been utilized in the present work, namely CASTEP 34 and PWSCF; 35 both employ a plane-wave basis set for the expansion of the Kohn-Sham valence orbitals, while the combination of the core states and nuclei are represented by ultra-soft pseudopotentials. Considering first the specifics of the calculations performed using CASTEP, here the ultrasoft pseudopotentials are generated using an "on-the-fly" pseudopotential generator. This provides the advantage of being able to test the effect of changing the XC functional or the Hamiltonian self-consistently within the present calculations. The valance configuration considered for sulfur during pseudopotential generation was 3s 2 3p 4 , with a single ultrasoft s-and p-projector and a double ultrasoft d-projector. The atomic valence configuration for the iron atoms was 3s 2 3p 6 3d 6 4s 2 , and thus includes the semicore states explicitly. The radii for the local and non-local components were both set to 1.9 a.u.
The kinetic energy cut-off was tested for convergence by increasing the energy from 300-1000 eV in 25 eV increments and convergence of the relative energies was achieved at 525 eV.
The sampling of the Brillouin zone was carefully tested. The pyrite phase was tested with 4x4x4, 8x8x8, 12x12x12 and 16x16x16 Monkhorst-Pack grids, 38 whereas the marcasite phase was tested with Monkhorst-Pack grids of 8x6x4, 10x8x6 and 12x10x8. Based on these convergence tests, a kinetic energy cut-off of 525 eV was used for both phases of iron disulfide with a 4x4x4 k-point grid for pyrite and an 8x6x4 k-point grid for the marcasite phase. The charge density cutoff was set to 2100 eV. The above convergence tests described were performed using the PBE XC functional. However, similar convergence properties were found for all XC functionals used.
During geometry optimization, the structure was considered to be converged when the maximum 11 forces on the atoms were lower than 0.02 eV/Å and the difference in energy per atom was lower than 2 x 10 -5 eV.
For the calculations with PWSCF, previously constructed pseudopotentials for iron and sulfur were utilized (available from http://www.pwscf.org/pseudo.htm). The iron pseudopotential was generated for a partial ionized configuration of 3d 6.5 4s 1 4p 0 , while the sulfur pseudopotential was generated for the same neutral configuration as reported for CASTEP. These pseudopotentials were generated based on the PBE functional, and therefore only used for calculations based on this GGA form. A series of convergence tests were performed to ensure that the kinetic energy cut-off and number of k-points were sufficiently high enough so that any increase would not affect the accuracy of the calculations. The kinetic energy cut-off was examined over the range of 524-1069 eV. Convergence of relative energy of pyrite and marcasite was achieved for a cut-off of 664 eV. The charge density cut-off was set to 2656 eV. Similar convergence tests of the Brillouin-zone sampling to those described above were repeated for the present numerical implementation, leading to the same choice of Monkhorst-Pack grids, as expected.
C. Linear-combination of atomic orbital calculations
Here we examine the performance of the SIESTA 36 methodology, which utilizes a linear combination of atomic orbitals (LCAO) to expand the Kohn-Sham wave functions. Nuclei and core electrons are replaced by norm-conserving pseudopotentials, which were generated according to the modified scheme of Troullier and Martins. 39 The valence electronic configurations used in the pseudopotential generation were 3s 2 3p 3.5 3d 0.5 for sulfur and 3p 6 4s 2 3d 6 for iron. All pseudopotentials were regenerated for each XC functional used in order to ensure proper consistency.
The basis functions were obtained by finding the numerical pseudo-atomic orbitals (PAOs) of the isolated atoms enclosed within a soft-confined spherical potential. 40 The basis sets employed were of double-ζ quality for iron and sulfur, except for the 3s and 3p orbitals of the sulfur and 3d orbital of the iron where triple-ζ quality was required. The basis sets were optimized with respect to the pyrite structure with parameters of 0.005 Ry for the energy shift of radial confinement and a split-norm value of 0.1. A full description of the basis sets used in this study is given in the Supplementary Material. 41 An auxiliary real space mesh was used to 13 evaluate terms involving the charge density. An equivalent plane-wave cut-off of 400 Ry was used to represent the density.
III. Results and Discussion

A. Structure and phase stability of pyrite and marcasite based on the PBE functional
The structures of both pyrite and marcasite have been fully optimized with respect to the lattice parameters and internal coordinates using the above numerical implementations of density functional theory. As described in the section above, the relevant convergence criteria were rigorously tested before the geometry optimization calculations were performed. Using the GGA PBE exchange correlation function the lattice parameters of both phases of iron disulfide can be compared with experimental data (Table 1 The fact that the PBE-based calculations either underestimate, or are close to, the experimental value might be considered unexpected, given that PBE typically overestimates lattice parameters by 1%. However, the experimental value quoted is for a room temperature structure determination, while the theoretical data corresponds to absolute zero. The lattice parameters of pyrite will undergo expansion when subjected to higher temperatures.
Experimental studies of the lattice parameters of pyrite at different temperatures can be found, however, the majority of temperatures reported are between 294 and 300 K. [42] [43] [44] If we take these lattice parameters as a function of temperature and extrapolate to zero Kelvin, we can estimate that the lattice parameter of pyrite in the low temperature limit is 5.281 Å. Thermal expansion of lattice parameters would not be completely linear, due to vibrational quantization, and so we can anticipate that the above value is a lower bound to the lattice parameter at absolute zero.
Furthermore, natural samples of pyrite are often found to contain impurities 45 and may be nonstoichiometric, 46 and this will also effect the experimental lattice parameters. Regardless of the variations in lattice parameter, it is clear that the PBE functional predicts that the most favorable phase of iron disulfide is marcasite (Table 1) , which is in disagreement with experiment. To investigate the origin of this disagreement with regard to the phase stability, several possible refinements to the theoretical methodology have been explored, as described in the following sections.
B. Vibrational contribution to the energy of iron disulfide phases
The previous calculations considered the relative phase stability between pyrite and marcasite based only on the 0 K static energy. To investigate whether finite temperature and zero point energy effects might influence the relative stability, we have computed the phonons of both pyrite and marcasite. Here we use two methodologies to calculate the dynamical matrix, namely linear-response, as implemented in the PWSCF code, and central finite differencing of the analytic first derivatives within the SIESTA and CASTEP methodologies. The phonons were calculated at the Г-point of the Brillouin zone and from the sum of the vibrational frequencies the zero point energy (ZPE) of the crystal lattice can be calculated:
where ω is the vibrational frequency and is Planck's constant. A discussion of the influence of phonon dispersion will be presented later. The number and symmetries of the Raman and infrared-active modes of pyrite have been determined using group theoretical methods. 49 The irreducible representations of the vibrations of pyrite are:
The gerade vibrations (A g +E g +3T g ) are all active in the Raman spectrum, and the ungerade vibrations are divided into the IR-active (5T u ) and optically inactive (2A u +2E u ) modes, plus the three acoustic modes. Group theoretical examination of the marcasite structure yields six Ramanallowed and seven IR-active zone center phonon modes:
The seven IR-active modes consist of the irreducible representations (B 1u +3B 2u +3B 3u ) and have had their symmetry coordinates determined by Lutz and Willich. 51 The harmonic phonon frequencies of pyrite and marcasite, computed at the Г-point of the Brillouin zone, are shown in Tables 2 and 3 respectively. There is good agreement between the frequencies computed by both implementations of DFT used, as well as with experimental data and previous DFT studies of the pyrite phase. 48, [52] [53] [54] The majority of the phonon frequencies for pyrite are lower than the corresponding experimental values, while for marcasite there is a more variable distribution.
From equation (1) we can calculate the ZPE for both phases of iron disulfide (Table 4) . It is readily apparent that the zero point energy of pyrite is greater than that of marcasite, regardless of method, and thus this term will further contribute to the discrepancy with experiment. Of course, the above values are computed based on the Γ-point alone, and so it is important to consider the influence of phonon dispersion. The highest frequency modes for both pyrite and marcasite correspond to the stretching modes of the S 2 dimers and thus these will dominate the zero point energy. Because these modes are highly localized to a molecular sub-unit, they only exhibit weak dispersion across the Brillouin zone and therefore sampling across reciprocal space will not significantly change this result.
These results have indicated conventional DFT methodology using the PBE functional gives reasonably good agreement between the experimental and calculated lattice parameters, as well as for the phonon frequencies of the two phases of iron disulfide. However, the relative stability between pyrite and marcasite is not correctly predicted and inclusion of the vibrational contribution to the thermodynamics fails to correct this error.
C. Effect of the Hubbard U on the relative phase stability of pyrite and marcasite
Treatment of iron within density functional theory has long been recognized as problematic, in part because of the strong correlation/self-interaction error for the localized d-electrons. 55 Consequently, this factor needs to be investigated to determine whether it is responsible for the failure to predict the correct order of phase stability.
The DFT + U method, developed in the 1990s, 56, 57 is a well-established model to describe the electronic structure of strongly correlated systems. The Hubbard U parameter is the Coulomb energy cost to place two electrons at the same site, which alters the one-electron potential locally for the specified orbitals, here those of the Fe 3d shell, thus reducing the hybridization with the S ligands. The DFT + U method has been successfully applied to describing an improved band gap, magnetic moment and density of states, as compared with experimental data, for Fe 2 O 3 (α-hematite), 55 and improved band gaps for the rutile and anatase phases of TiO 2 .
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Here we have performed calculations for the GGA+U method within the PWSCF code.
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U values from 0 to 8 eV have been examined, spanning the typical range for this quantity, and the effect on lattice parameters and relative phase stability explored. Details of the calculations are identical to those performed previously, except for the inclusion of the U contribution.
Although the U parameter can be determined based on a linear-response approach, 59 this leads to a structure dependent value and thus potentially different values for pyrite and marcasite.
This strategy, which leads to distinct Hamiltonians for different solids, is not appropriate for the calculation of relative energies of phases. Hence, in the present work we explore the influence of a common U value within the range of typically utilized values.
As the Hubbard U parameter is increased from 0 to 8 eV the lattice parameters and cell volume increases for both pyrite and marcasite (FIG 2) . As seen in other studies involving iron sulfides, 60 the introduction of the Hubbard U parameter, has significant effects on the lattice parameter. To our knowledge there is one other study that utilizes the Hubbard U parameter to study the bulk properties of pyrite. 61 Persson et al. used a Hubbard U value of 3 eV and found that the cell volume also increased compared to the conventional DFT and obtained a closer value to experimental data. Our simulations indicate that the best agreement with experimental lattice parameters is found with a U value of 2 eV for pyrite.
The relative phase stability between pyrite and marcasite is found to stay in favor of marcasite until the U value reaches 6.5 eV (Table 5) . However, at this U value the unit cell volume is 8.5% larger than the experimental values for both phases of iron disulfide, and therefore this is unlikely a represent a physically realistic choice of the Hubbard parameter.
D. Influence of the exchange-correlation functional
From the previous section, it is interesting to note that the change in the volume of the cell does influence the relative stability of the phases, even for such similar polymorphs. The unit cell volume of the two phases is an important factor to consider and as previously mentioned the PBE functional typically leads to an overestimation of the lattice cell parameters. Recent developments in DFT calculations of solids have included the introduction of exchangecorrelation functionals for solids and these new functionals lead to a contraction of lattice parameters for certain solids, 62 compared with the PBE XC functional. Typically these functionals yield results closer to those obtained from LDA, which itself often describes the density well, but is inaccurate for other properties. To investigate the influence of the functional, we have examined the performance of three relatively new GGAs that are specifically designed with the solid-state or surfaces in mind; specifically these are, in chronological order, AM05, the Wu-Cohen (WC), and PBEsol functionals.
The PBEsol functional was implemented into the CASTEP and SIESTA codes for the present work, while AM05 has also been added to SIESTA using the routines made available by the original authors. 24 The most recent version of the all-electron Elk code also includes all three functionals to be examined. As an initial test, we compare the results of geometry optimizations for pyrite and marcasite based only on PBEsol, and return to consideration of all three functionals subsequently.
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The lattice parameters resulting from the use of the PBEsol XC functional all contract in length (Table 6) As all three numerical implementations of DFT result in qualitatively the same behavior, we have used the SIESTA methodology to examine whether the same correct prediction of the thermodynamics is also observed with the AM05 and Wu-Cohen XC functionals (Table 7 ). All three XC functionals give good agreement between the lattice parameters, and both the PBEsol and AM05 XC functionals correctly predict pyrite as being more stable than marcasite. However, the Wu-Cohen functional still predicts that marcasite is the ground state, though the magnitude of the energy difference is close to the level of the numerical uncertainty, let alone the likely accuracy of density functional theory. To demonstrate the numerical sensitivity, the CASTEP code also has the Wu-Cohen functional implemented and a geometry optimization calculation of the two phases yields an energy difference of 0.0065 eV/FeS 2 in favor of pyrite.
There are many studies in the literature that have calculated the lattice parameters and bulk moduli of a variety of solids. 32, 63, 64 It is well known that the local-density approximation (LDA) also underestimates the lattice parameters of solids by 1%. 27 Hence, if the unit cell volume is the only factor in relative phase stability then it might be expected that the LDA would yield the correct ordering for pyrite and marcasite. To test this we have performed geometry optimization calculations of both phases of iron disulphide using the LDA XC functional in SIESTA and obtained a lattice parameter of 5.400 Å for pyrite and lattice parameters of 3.389, 4.444 and 5.407 Å for marcasite. The cell volume contracts compared with the experimental data and the PBE XC functional, as expected. However, the relative phase stability still favors marcasite by 0.031 eV/FeS 2 . Therefore, it is not only the contraction in volume of the unit cell, but the form of these new functionals with respect to the limiting behavior in different regions of the reduced density gradient, which accounts for the correct prediction of the phase stability between pyrite and marcasite. Each functional is formed in a different way and a full and comprehensive review of the construction and performance of the new GGA functionals designed for solids can be found elsewhere in the literature. 32, 62, 63 From this study we observe that all the GGA XC functionals designed for solids predict the correct phase stability ordering of pyrite and marcasite. Regardless of numerical issues, the important observation is the trend towards favoring the stability of pyrite, and the strong correlation of the energy difference with the predicted volume, though with this not being the exclusive factor, as demonstrated by the failure of the local density approximation.
IV. Conclusions
We have used a variety of DFT-based methodologies and functionals to study the 
